Scattering coefficients and bound states for high-energy transparent
  $\delta-\delta^{\prime}$ interactions by Pedrelli, Danilo C. et al.
ar
X
iv
:1
60
7.
06
32
0v
1 
 [q
ua
nt-
ph
]  
21
 Ju
l 2
01
6
Scattering coefficients and bound states for high-energy transparent δ − δ′ interactions
Danilo C. Pedrellia,∗, Jeferson Danilo L. Silvaa, Alessandra N. Bragaa, Danilo T. Alvesa
aFaculdade de Fı´sica, Universidade Federal do Para´, Bele´m, Para´, Brazil
Abstract
We propose a model for energy-dependent δ − δ′ interactions which yields scattering coefficients exhibiting full transmission for
high-energy incident particles, also computing the bound solutions in one-dimension nonrelativistic quantum mechanics.
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1. Introduction
Point interactions play an important role in the class of solv-
able quantum mechanical models representing systems with
short range, but strong, potentials. The first remarkable investi-
gations on these kind of interactions were done by Kronig and
Penney [1], Bethe and Peierls [2] and Thomas [3], with fun-
damental impact on the fields of condensed matter and nuclear
physics. Several fundamental mathematical aspects of point in-
teractions have been studied by Berezin and Faddeev [4]. Al-
beverio et al. [5–8] obtained a family of parameters that de-
scribe general solutions for point interactions in the context of
nonrelativistic quantum mechanics, requiring the Hamiltonian
to be self-adjoint and removing the interaction point from the
space of the corresponding free Hamiltonian. ˇSeba et al. [9–
11] and other authors [12–14] have worked in a similar way,
constructing general models for one or more point interactions
in different dimensions.
A pure δ distribution, which is the simplest case of a point
interaction, is considered in many textbooks (see, for instance,
[15]) as follows (hereafter m = ~ = 1):
H =
1
2
d2
dx2
+ µδ(x), µ ∈ R. (1)
For µ > 0 the potential is repulsive, leading to the scattering
solution. For a monochromatic wave coming from the left we
have: ψ (x) = s(k)eikx, for x > 0, and ψ(x) = eikx + r(k)e−ikx, for
x < 0 (with k = √2E and E > 0). Computation of the reflection
r (k) and transmission s (k) coefficients furnishes [15]:
r(k) = − µ
µ + ik , k =
√
2E, (2)
and
s(k) = ik
µ + ik , (3)
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what shows that, for Dirac delta potentials, the scattering co-
efficients are naturally energy-dependent and lead to full trans-
mission in the limit of high-energy incident particles,
lim
k→∞
s(k) = 1. (4)
Whether for µ < 0 the potential is attractive, also allowing
bound solutions. Since the potential is zero everywhere except
at the origin, we expect that the bound state solution vanishes
for x → ±∞, what enables us to write the wave function as
ψ(x) = Ae−κ|x| (A ∈ R and κ = √−2E). Calculation of the
energy gives just one solution, namely [15]
E = −µ2/2 < 0. (5)
For a pure delta distribution, the wave function is continu-
ous everywhere. On the other hand, potentials involving the
derivative of a delta function can generate discontinuity [5].
A few regularization methods have been developed in order to
describe quantum mechanics with such potentials [12, 16–19],
however, those methods do not give the same results for the
transmission coefficient. Kurasov [20] suggested that, to prop-
erly define self-adjoint operators in this case, it is necessary
to use distribution theory for discontinuous functions, deriving
the boundary conditions at the point where the interaction oc-
curs. Taking this into account, Gadella et al. [21] have deter-
mined the bound state and scattering coefficients for such in-
teractions in the context of the distribution theory proposed by
Kurasov, obtaining results without making use of any regular-
ization scheme. They have investigated the Hamiltonian [21]
H =
1
2
d2
dx2
− µδ(x) + λδ′(x), µ ∈ R∗+, λ ∈ R, (6)
where µ is made positive in order to ensure the existence of
bound solutions. The scattering coefficients for a left-incident
monochromatic wave are [21]
r(k) = − µ + 2ikλ
µ + ik (1 + λ2) , k =
√
2E, (7)
and
s(k) = ik(1 − λ
2)
µ + ik(1 + λ2) . (8)
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As mentioned before, δ′ interactions generate discontinuous
wave functions and, hence, the bound state solution at the right
side of the interaction has a different amplitude compared to
the left one, namely: ψ(x) = Ae−κxΘ(x) + BeκxΘ(−x), where
A, B ∈ R, κ =
√
−2E, and Θ(x) is the Heaviside function. The
bound state energy is [21]:
E = − µ
2/2
(1 + λ2)2 . (9)
One can observe that the parameter λ decreases the energy am-
plitude in comparison to the bound energy of a pure δ interac-
tion, Eq. (5). As well as before, there is only one bound state
solution.
In the limit of high energies, Eq. (8) becomes
lim
k→∞
s(k) = 1 − λ
2
1 + λ2
< 1, λ , 0. (10)
In contrast to the pure δ case [Eq. (4)], the above result is in dis-
agreement with the physical intuition that every incident wave
with infinite energy should totally pass through any obstacle.
This misbehavior was also noticed in Ref. [16]. In the context
of quantum field theory, Braga et al. [24] have also noticed that
mirrors simulated by δ−δ′ potentials [22, 23] are not completely
transparent in the limit of high-frequencies and, to solve this
problem, they considered that the coupling parameters of the
point interaction are frequency-dependent functions that vanish
for high frequencies. The correspondent procedure in quantum
mechanics is to consider energy-dependent point interactions,
what has been investigated by Coutinho et al. [25], who define
a set of boundary conditions that generates energy-dependent
point interactions.
In the present paper, we investigate a model for δ − δ′ in-
teractions with an energy dependence in the way of Ref. [25],
but restrict the parameters that define the interaction to be func-
tions that provide full transmission at high energies. Straight-
forwardly, we compute the scattering coefficients and the bound
state, observing that energy-dependent potentials have the fea-
ture of modifying the probability density, as explained in Ref.
[26].
This Letter is organized as follows. In Sec. 2 we discuss the
δ − δ′ interaction with energy-dependent coupling parameters,
taking as basis the model found in Ref. [25]. In Sec. 3 we find
the scattering coefficients and show that the energy-dependent
parameters lead to full transmission in the limit of high ener-
gies. In Sec. 4 we determine the bound state and its energy,
pointing out some aspects of the model. The final remarks are
presented in Sec. 5.
2. The δ−δ′ interaction with energy-dependent parameters
We begin by shortly discussing the model for energy-
dependent point interactions developed in Ref. [25].
As outlined in Ref. [5], point interactions can be character-
ized by the boundary conditions(
ψ′
+
ψ+
)
= U
(
ψ′−
ψ−
)
, U = eiθ
(
α β
δ γ
)
, (11)
with α, β, δ, γ ∈ R,
αγ − βδ = 1, (12)
and ψ+ and ψ− being the right and left limits of the wave func-
tion at x = 0, and ψ′
+
and ψ′− the same limits taken on its deriva-
tive. The parameter θ is some phase which is not taken under
consideration for the stationary states we are going to treat here
(for more details on the implications of such phase see Ref.
[25]), so that in the present paper we make eiθ = −1.
For instance, let us consider the potential V(x) = 2c0δ(x),
which can be represented by the boundary conditions
ψ′
+
− ψ′− = c0 (ψ+ + ψ−) , c0 ∈ R, (13)
ψ+ − ψ− = 0, (14)
from which one concludes, considering Eq. (11), that
U =
(
1 2c0
0 1
)
. (15)
In order to include an energy dependence on the parameters
of the interaction, Coutinho et al. [25] imposed a dependence
between ψ′± and ψ′′± , replacing Eq. (13) by
ψ′
+
− ψ′− = −c1
(
ψ′′
+
+ ψ′′−
)
, c1 ∈ R. (16)
From the Schro¨dinger equation for a stationary state with en-
ergy E,
ψ′′ = −Eψ (x , 0), (17)
and Eqs. (14) and (16), it is possible to write the energy-
dependent boundary conditions by means of Eq. (11), with the
matrix
U =
(
1 2c1E
0 1
)
. (18)
An extension of the above example can be made by assuming
c(E) =
∞∑
n=0
cnEn, cn ∈ R. (19)
Hence, one can rewrite Eq. (13) as
ψ′+ − ψ′− =
∞∑
n=0
(−1) ncn
[
ψ
(2n)
+ + ψ
(2n)
−
]
, (20)
where ψ(2n) = d2nψ/dx2n. Within the above considerations, the
matrix U becomes
U =
(
1 2c(E)
0 1
)
. (21)
Considering Eq. (12), the boundary conditions (11) can be
written as
ψ′
+
− ψ′− = ξ1 (ψ+ + ψ−) − ξ2
(
ψ′
+
+ ψ′−
)
, (22)
ψ+ − ψ− = ξ2 (ψ+ + ψ−) − ξ3 (ψ′+ + ψ′−) , (23)
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where ξ1, ξ2, ξ3 ∈ R. Straightforwardly, from Eq. (11) follows
that U turns out to be
U = − 1
∆
(
∆ − 2 (1 − ξ2) −2ξ1
2ξ3 ∆ − 2 (1 + ξ2)
)
, (24)
where
∆ = (1 + ξ2) (1 − ξ2) + ξ2ξ3, ∆ , 0. (25)
The parameters ξ1, ξ2, ξ3 and ∆ are related to α, β, δ and γ by
ξ1 = −
β∆
2
, ξ2 =
1
4
(α − γ)∆, ξ3 = δ∆2 , ∆ =
4
2 − α − γ . (26)
Similarly to Eq. (19), it is possible to include an energy de-
pendence on these parameters by making [25]
ξ j (E) =
∞∑
n=0
d jnEn, d jn ∈ R, (27)
where j = 1, 2, 3. Then, one replaces the following equations
in Eqs. (22) and (23):
ξ j
(
ψ′+ + ψ
′
−
) → ∞∑
n=0
(−1)n d jnξ j
[
ψ
(2n+1)
+ + ψ
(2n+1)
−
]
, (28)
ξ j (ψ+ + ψ−) →
∞∑
n=0
(−1)n d jnξ j
[
ψ
(2n)
+ + ψ
(2n)
−
]
. (29)
Up to here, we have outlined the fundamental aspects of the
model developed in Ref. [25], which is applicable to general
energy-dependent point interactions. Taking this as basis to the
construction of our model, we consider a δ− δ′ interaction with
an energy-dependent potential, intending to obtain full trans-
mission at high energies. We determine the correspondent cou-
pling parameters by the distribution theory for discontinuous
functions given in Ref. [20]. In this sense, we propose a modi-
fied Hamiltonian which leads to the Schro¨dinger equation[
−1
2
∂2
∂x2
− µδ(x) + ˆFδ′(x)
]
Ψ (x, t) = i ∂
∂t
Ψ (x, t) , (30)
where µ ∈ R∗
+
and ˆF is the following operator
ˆF =
∞∑
n=0
Fn
(
i
∂
∂t
)n
, (31)
with the coefficients Fn chosen so that, when setting Ψ (x, t) =
e−iEtψ(x), we obtain a time-independent Schro¨dinger equation
with an energy-dependent potential,[
−1
2
d2
dx2
− µδ(x) + F(E)δ′(x)
]
ψ(x) = Eψ(x), (32)
with
lim
E→∞
F(E) = 0, (33)
in a way that the full transmission in the limit of high-energy
incident particles can be achieved. Notice that we have not
considered any change in the coupling parameter of the δ term,
Figure 1: Plot of the transmission coefficient s(k) for several values of the pa-
rameter k0 , µ = λ0 = 1.
since the pure δ interaction naturally leads to full transmission
at high energies.
As an example of a function that vanishes for E → ∞, we
investigate the particular case for which F(E), now relabeled as
λE , is given by
F(E) = λE = λ0 exp(−E/E0), λ0 ∈ R, E0 > 0. (34)
According to Ref. [20], the above Hamiltonian leads to
U =

−2µ
1−λ2E
1−λE
1+λE
1+λE
1−λE 0
 . (35)
A comparison between Eq (35) and Eq. (24), also using Eq.
(26), enables us to relate the coupling parameters µ and λE with
ξ j and ∆, as well as with α, β, δ and γ, as follows:
ξ1 = −µ
(1 + λE)
λ2E
, ξ2 =
1
2λE
, ξ3 = 0, ∆ = −
(1 − λ2E)
λ2E
, (36)
and
α =
1 − λE
1 + λE
, β =
−2µ
1 − λE
, δ = 0, γ = 1 + λE
1 − λE
. (37)
In Sec. 3, we will determine the scattering coefficients and,
in Sec. 4, the bound state solution and its energy.
3. Scattering Coefficients
The scattering solution of Eq. (32), for a left-incident
monochromatic wave, is given by: ψ(x) = eikx + r(k)e−ikx, for
x < 0, and ψ(x) = s(k)eikx, for x > 0 (with k = √2E > 0).
Thus, from Eqs. (11) and (35), we obtain
(
iks
s
)
=

−2µ
1−λ2E
1−λE
1+λE
1+λE
1−λE 0

(
ik(1 − r)
1 + r
)
, (38)
which provides the scattering coefficients
r(k) = − µ + 2ikλ0e
−k2/k20
µ + ik
(
1 + λ20e
−2k2/k20
) , (39)
3
s(k) =
ik
(
1 − λ20e−2k
2/k20
)
µ + ik
(
1 + λ20e
−2k2/k20
) , k0 = √2E0. (40)
As expected, |r(k)|2 + |s(k)|2 = 1. Finally, we obtain that the
transmission tends to one for k → ∞,
lim
k→∞
s(k) = 1. (41)
Figure 1 shows that for k0 → ∞ (solid line), which recov-
ers the model of Ref. [21], the transmission coefficient does not
tend to one in the limit k → ∞. On the other side, we obtain full
transmission at high energies for any other value of the param-
eter k0, showing that, as the energy increases, the particle feels
less and less the existence of the interaction. With this result
we show a way to manipulate the coupling parameter of the δ′
term in order to match the features of a more realistic model.
4. Bound States
In the present section, using a procedure similar to that found
in Ref. [21], which in turns is based on the distribution theory
developed in Ref. [20], we obtain the bounded energy and wave
function for our model.
Requiring that the bound state solution of Eq. (32) vanishes
for x → ±∞, we obtain
ψ(x) = AeκxΘ(−x) + Be−κxΘ(x), κ =
√
−2E, (42)
where now A and B are energy-dependent parameters (note that
A = ψ− and B = ψ+).
From the standard distribution theory for continuous wave
functions, one gets the following equations [21]:
ψ(x)δ(x) = ψ(0)δ(x), (43)
ψ(x)δ′(x) = ψ(0)δ′(x) − ψ′(0)δ(x). (44)
The extension to discontinuous wave functions can be made by
using the average approach [20],
ψ(x)δ(x) = ψ+ + ψ−2 δ(x), (45)
ψ(x)δ′(x) = ψ+ + ψ−
2
δ′(x) − ψ
′
+ + ψ
′
−
2
δ(x), (46)
where it is understood that the wave function at the right and
left sides of the interaction point are not disjoint, and also that,
for x > 0 or x < 0, the features of continuous functions still
hold, e.g. the first and second derivative exist, with ψ (x) and
ψ′′(x) being square integrable functions [21].
By differentiating Eq. (42) twice, we obtain
ψ′′(x) = κ2ψ(x) − κ (A + B) δ(x) + (B − A) δ′(x), (47)
where we have used Eqs. (45) and (46). After inserting Eq.
(47) into Eq. (32) we find
κ(A + B)
2
δ(x) + (B − A)
2
δ′(x) = µψ(x)δ(x) − λEψ′(x)δ′(x). (48)
Using the wave function given by Eq. (42) together with Eqs.
(45) and (46), we obtain
ψ(x)δ(x) = (A + B)
2
δ(x), (49)
ψ(x)δ′(x) = (A + B)
2
δ′(x) − κ(A − B)
2
δ(x). (50)
Therefore, using (48), (49) and (50), we obtain
(κ − µ)(A + B) − (A − B)κλE = 0, (51)
(A − B) + λE(A + B) = 0 ⇔ λE = A − BA + B . (52)
The solution for λE in terms of κ is
λE =
[
1 − (A − B)
2
(A + B)2
]
κ. (53)
From the boundary conditions represented by Eq. (35), we have
A − B = − 2AλE
1 − λE
, (54)
A + B =
2A
1 − λE
. (55)
Substituting the above relations into Eq. (53), we finally get
κ =
µ
1 + λ2E
=
√
−2E, (56)
or, in terms of the energy,
E =
−µ2/2(
1 + λ20e−2E/E0
)2 . (57)
This transcendental equation has only one solution, which is
negative independently of the parameters µ, λ0 and E0. Figure
2 shows the energy as function of λ0 for three different values
of µ, namely, µ = 0.5, µ = 1 and µ = 1.5. Observing the shape
of the curves for E0 → ∞ (which corresponds to the model dis-
cussed in Ref. [21]) and those for the energy-dependent model
(32) and (34) with E0 = 1, we see that the dashed curves be-
come narrower in comparison to the solid curves as µ increases,
what means that the parameter E0 is responsible for a reduction
of the bound energy magnitude. This effect is amplified as E0
decreases.
Forma´nek et al. [26] have shown that, for energy-dependent
potentials, the usual definition of probability density does not
satisfy the continuity equation and, in order to solve this prob-
lem, they proposed the following modification in the probability
density:
ρ(x) = |ψ(x)|2
[
1 − ∂V(x, E)
∂E
]
, (58)
where V(x, E) is an energy-dependent potential and ρ(x) is the
probability density. Hence, to properly normalize the wave
function it is necessary to redefine the norm [26],∫ ∞
−∞
ψ∗(x)
[
1 − ∂V(x, E)
∂E
]
ψ(x)dx = 1. (59)
4
Figure 2: Energy plot as function of λ0 for E0 = ∞ (solid lines) and E0 = 1
(dashed lines), and several values of µ.
From the above relation and the properties of the δ′(x) dis-
tribution given by Eq. (46), we are able to normalize the wave
function as follows:∫ ∞
−∞
ψ∗(x)ψ(x)dx − λE
E0
[
¯ψ′∗(0) ¯ψ(0) + ¯ψ∗(0) ¯ψ′(0)] = 1. (60)
where ¯ψ (0) = (ψ+ +ψ−)/2 and ¯ψ′ (0) = (ψ′+ +ψ′−)/2. Recalling
Eq. (54) and the boundary conditions of Eq. (35), we get
A2 + B2
2κ
− κλE
E0
(A2 − B2) = 1. (61)
In terms of A we can write
A = (1 − λE)
√
(1 + λ2E)µ
(1 + λ2E)3 + 4λ2Eµ2/E0
. (62)
After solving Eq. (61) for B, we finally obtain the normalized
wave function,
ψ(x) =
√
(1 + λ2E)µ
(1 + λ2E)3 + 4λ2Eµ2/E0
× [(1 − λE) eκxH(−x) + (1 + λE) e−κxH(x)] , (63)
which, when we make E0 → ∞, recovers the result found in
Ref. [21], namely
ψ(x) =
√
µ
1 + λ20
[(1 − λ0) eκxH(−x) + (1 + λ0) e−κxH(x)] . (64)
In Fig. 3 we can observe that for smaller values of E0 the
wave function also decreases its amplitude. In the limit E0 → 0,
the Hamiltonian (32) tends to a delta distribution, leading to a
continuous wave function, as expected.
In Ref. [21] it is pointed out that for λ0 = ±1 the wave
function exists only on one half of the x − axis. Here we have
the same situation, but in our model this happens for λE = ±1.
Nevertheless, in order to maintain a fixed value for λE , we need
to correlate the parameters λ0, µ and E0. For example, if we set
λE = 1, Eq. (57) furnishes
λ0 exp
(
µ2
8E0
)
= 1. (65)
Figure 3: Wave function ψ(x) with µ = 1, λ0 = 2 and several values for E0 .
, λ0 = exp(0)
, λ0 = exp(-1)
, λ0 = exp(-2)
, λ0 = exp(-3)
, λ0 = exp(-4)
ψ( )x
x
Figure 4: Wave function of the bound state for different values of E0 and λ0
satisfying the relation λ0 exp[µ2/(8E0)] = 1 ( µ = 2).
What is not seen when the interaction is energy-independent,
i.e. the fixation of one parameter does not imply any relation to
another.
On Figure 4 its is shown the behavior of the wave function
for several values of the parameters satisfying Eq. (65), again
we see that for lower values of E0 the wave function smoothly
decreases its amplitude.
5. Final Remarks
The interaction described by a δ distribution [Eq. (1)] nat-
urally leads to full transmission in the limit of high-energy in-
cident particles [Eq. (4)]. The introduction of a δ′ interaction
term [Eq. (6)] removes this characteristic from the model [Eq.
(10)]. In the present paper, considering the model shown in
Ref. [25], we proposed a solution for this problem by introduc-
ing, for the δ′ term [Eq. (30)], an energy-dependent coupling
parameter that goes to zero for high energies [Eq. (33)], so that
the full transmission limit is achieved.
Considering the Hamiltonian (32) with (34), we calculated
the scattering coefficients and demonstrated that our model pro-
duces the required limit for high energy incident particles [Eq.
(41)]. This can be seen in Figure 1, which exhibits the curves
for some values of E0, revealing that, except for E0 → ∞ (this
5
limit recovers the case investigated in the literature [21]), the
transmission tends to one for high energies.
In a similar way to Ref. [21], considering the Hamiltonian
(32) with (34), we obtained a more general relation for the
bound state energy using the distribution theory for discontin-
uous functions. Figure 2 indicates that the parameter E0 is re-
sponsible for decreasing the energy amplitude (λ0 , 0), for
which the effects of E0 are more noticeable for larger values
of λ0 and µ. We also computed the bounded wave function
shown in Figure 3, observing that the wave amplitude dimin-
ishes for smaller values of E0. A normalization scheme more
appropriate for energy-dependent potentials was carried out, as
suggested in Ref. [26], demonstrating that the amplitude of the
wave function is not obtained merely by making λ → λ0e−E/E0
in the model of Ref. [21].
We found that (32) and (34) lead to a set of possibilities for
the wave function to be different from zero only in half of the
x-axis [Eq. (65)]. In the model discussed in Ref. [21], these
possibilities are limited to the cases of Hamiltonians with the
δ′-coefficient equal to ±1.
Finally, we remark that, although the main problem motivat-
ing the consideration of the modified δ′ term in the δ−δ′ Hamil-
tonian [ Eq. (30)] was to describe potentials full transparent for
high energy incident particles, this consideration also offers an
additional degree of freedom stored in the choice of the function
F(E) for modeling the properties of transparency. Intending to
provide a similar degree of freedom to the δ term, we can extend
the Hamiltonian in Eq. (30) to
H = −1
2
∂2
∂x2
− δ(x) ˆG + δ′(x) ˆF (66)
where ˆG is an operator described in a similar way as done for
ˆF in Eqs. (31) and (33). Mapping ˆF → 0 in Eq. (66), we get a
modified pure δ model which extends the model (1) considered
in the literature [15].
In summary, the model we have developed here has the fea-
ture of leading with two important branches of quantum me-
chanics, which are: point interactions and energy-dependent
potentials. A correlation between these models was made as
a way to create a more realistic model, compared to the cases
when the potential is energy-independent. Since we noticed that
the transmission is not full at high energies, but instead a con-
stant dependent on the δ′(x) coupling term, we have made such
parameter a function that decreases with the energy, obtain-
ing the proper transmission. Remarkably, the aforementioned
considerations had several impacts on the bound state solution,
generating a wider class of physical situations.
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